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Abstract
It is shown that there is no two-dimensional orthoprojector in the Hilbert space 2 for
which the reduction of the cone of positive diagonal operators coincides with the reduction of
the cone of all bounded positive operators.
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1. Introduction
Let B be the set of all bounded linear operators acting on the Hilbert space 2
(over C or R). Every operator a ∈ B is represented by the matrix (akj )k,j∈N, ajk =
〈aek, ej 〉, where (en) is the standard basis. Let B+ be the cone of all positive opera-
tors in B, let D+ be the subcone of diagonal operators in B+
d ∈ D+ ⇔ (dkj ) = (δkj γj ),
where δkj is the Kronecker delta and γj  0.
The article is devoted to proving the following assertion:
Theorem 1.1. For any orthoprojection q in 2, dim q = 2,
qD+q /= qB+q.
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2. Preliminary lemmas
For a unitary operator u = (ukj ) in 2 consider the following (possibly, empty)
set
E(u) =
{∣∣∣∣u1ju2j
∣∣∣∣
2
: u1j , u2j /= 0, j = 1, 2, . . .
}
.
Consider D+u = uD+u∗.
Fix a two-dimensional orthoprojector:
d0 =


1 0 0 . . .
0 1 0 . . .
0 0 0 . . .
. . . . . . . . . . . .

 .
Slightly abusing notation, we identify operators in d0B+d0 with 2 × 2-matri-
ces—their left top 2 × 2 corners.
Lemma 2.1. Let u be unitary, and let p be a one-dimensional orthoprojector in the
form
p =
(
α ε
√
α(1 − α)
ε
√
α(1 − α) 1 − α
)
< d0 (0 < α < 1, |ε| = 1). (1)
If p = d0udu∗d0 with d ∈ D+ then
α
1 − α ∈ E(u).
Proof. One can easily see that the operator d0udu∗d0 with d = (δkj γj ), γj  0, is
represented in the form:

∑
j
γj |u1j |2 ∑
j
γju1j u2j∑
j
γju1j u2j
∑
j
γj |u2j |2

 . (2)
Let us consider the following two vectors in 2:
ξ = (√γ1u11,√γ2u12,√γ3u13, . . .), η = (√γ1u21,√γ2u22,√γ3u23, . . .).
By the Cauchy–Schwartz inequality∣∣∣∣∣∣
∑
j
γju1j u2j
∣∣∣∣∣∣
2


∑
j
γj |u1j |2

 ·

∑
j
γj |u2j |2

 . (3)
If (2) is the matrix of the orthoprojector (1), then its determinant is equal to zero.
Hence the inequality (3) is in fact an equality. From 0 < α < 1 it follows that the left
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hand side of (3) is distinct from 0. This means that there is j such that u1j , u2j , γj /=
0. Hence, ξ, η /= θ and ∃λ /= 0 such that ξ = λη. Therefore λ = u1j /u2j and
α
1 − α =
∑
j
γj |u1j |2∑
j
γj |u2j |2 =
‖ξ‖2
‖η‖2 = |λ|
2 =
∣∣∣∣u1ju2j
∣∣∣∣
2
∈ E(u). 
Lemma 2.2. For every unitary u ∈ B
d0D
+
u d0 /= d0B+d0.
Proof. Let us take an orthoprojector p ∈ d0B+d0 in the form (1) for which
α
1 − α 	∈ E(u).
It is possible since E(u) is at most countable. It follows from Lemma 2.1 that p 	∈
d0D
+
u d0. 
3. Proof of Theorem 1.1 and some related results
Let q be an orthoprojector in B, dim q = 2, and let u be a unitary operator such
that q = u∗d0u. Since uB+u∗ = B+ we conclude from Lemma 2.2 that
qD+q = u∗d0D+u d0u /= u∗d0B+d0u = u∗d0uB+u∗d0u = qB+q,
which proves Theorem 1.1.
Theorem 1.1 may be formally generalized as follows:
Corollary 3.1. For every orthoprojector q in 2 of dimension  2
qD+q /= qB+q.
The next result may be considered a partial consolation in connection with the
assertion of Theorem 1.1.
Theorem 3.2. There exists an orthoprojector q in 2, dim q = 2 such that qD+q is
dense in qB+q.
Proof. We restrict ourselves to the case of the real Hilbert space 2. Let
Q+ =
{
r1
s1
,
r2
s2
, . . .
}
(rj , sj ∈ N)
be the sequence of all positive rational numbers. Let us form two sequences, enu-
merated by the same index j , we denote them (u1j ) and (u2j ):
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ω1
√
r1, ω1
√
s1, ω1
√
r1, ω1
√
s1, ω2
√
r2, ω2
√
s2, ω2
√
r2, ω2
√
s2, . . . ,
ω1
√
s1, ω1
√
r1,−ω1√s1,−ω1√r1, ω2√s2, ω2√r2,−ω2√s2,−ω2√r2, . . .
Choose ωj > 0 so that
∑
j u
2
1j = 1. Then
∑
j u
2
2j = 1 and
∑
j u1j u2j = 0. Com-
plement the pair of two unit orthogonal vectors f1 =∑j u1j ej , f2 =∑j u2j ej up
to an orthonormal basis in 2: f1, f2, f3, . . . The equalities ufj ≡ ej (j ∈ N) define
a unitary operator u on 2. Here E(u) = Q+. The construction of the sequences
(u1j ), (u2j ) implies that for every α ∈ Q+ and ε = ±1 there exists j0 such that
α
1 − α =
∣∣∣∣u1j0u2j0
∣∣∣∣
2
, sgn ε = sgn u2j0 .
Put γj0 = α/u21j0 and d = (δij0γj0). Then(
α ε
√
α(1 − α)
ε
√
α(1 − α) 1 − α
)
= d0udu∗d0.
The assertion now follows from the spectral theorem. 
Remark. It is not difficult to give some examples of orthoprojectors q, dim q = 2
on 2 for which qDsaq = qBsaq. Here Bsa (Dsa) denote the sets of all bounded
selfadjoint (respectively, diagonal selfadjoint) operators on 2. For example, an com-
putation shows that the orthoprojector
q = 1
9


5 −4 2 0 0 . . .
−4 5 2 0 0 . . .
2 2 8 0 0 . . .
0 0 0 0 0 . . .
. . . . . . . . . . . . . . . . . .


is suitable in the case of the real space 2.
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